arXiv: 1503.01987vl [math.AT] 6 Mar 2015 


Partial Euler Characteristic, Normal Generations 
and the stable D( 2) problem 


Feng Ji and Shengkui Ye 
March 9, 2015 


Abstract 

We obtain relations among normal generation of perfect groups, Swan’s 
inequality involving partial Euler characteristic, and deficiency of finite 
groups. The proof is based on the study of a stable version of Wall’s D{ 2) 
problem. Moreover, we prove that a finite 3-dimensional CW complex of 
cohomological dimension at most 2 with fundamental group G is homo- 
topy equivalent to a 2-dimensional CW complex after wedging n copies of 
the 2-sphere S 2 , where n depends only on G. 


1 Introduction 

In this article, we study several classical problems in the low dimension homo- 
topy theory and group theory, focusing on the interplay among these problems. 

We start by describing Swan’s problem. Let G be a group and ZG be the 
group ring. Swan m defines the partial Euler characteristic fi n (G ) as follows. 
Let F be a resolution 

• • • —y /' 2 —y F\ —y Ffl —y Z —^ 0 


of the trivial ZG-module Z in which each iq is ZG'-free on f, generators. If 


are finite, define 


fo, /i,/2, • •• ,fn 


Mn(-F) — fn — fn — 1 + fn -2 — • • ■ + ( —l) n / 0 . 

If there exists a resolution F such that H n {F) is defined, we define /z n (G) as 
the infimum of H n (F) over all such resolution F. We call the truncated free 
resolution 

F n —y ... —y /■ ] —y F@ — y Z — y 0 

an algebraic n-complex (following the terminology of Johnson jTOj). 
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On the other hand, we have the following geometric counterpart in the case 
n = 2. For a finitely presentable G , the deficiency def(G) is the maximum of 
d — k over all presentations (gi, <72 , • • ■ ,gd | ri, r%, ■ ■ ■ , r*) of G. It is not hard 
to see that 

def(G) < 1 -g 2 (G) 

(El, Proposition (1)). However, Swan mentioned in SIT, that “the problem of 
determing when def(G) = 1 — /r 2 (G) seems very difficult even if G is a finite 
p-group”. 

It is a well-known open problem, since the 1970s, whether a finitely gener¬ 
ated perfect group can be normally generated by a single element or not. We 
formulate such a problem in the following conjecture. 

Conjecture 1.1 (Normal Generation Conjecture) Let G be any finitely 
generated perfect group, i.e. G = [G, G], the commutator subgroup of G. Then 
G can be normally generated by a single element. 


This conjecture is known to be true when G is finite (see e.g. [|12j. 4.2]. 
For infinite groups, it is a long-standing open problem attributed to J. Wiegold 
(cf. [pQ, FP14] and [|16|. 5.52]). One of our results relates Wiegold’s normal 
generation conjecture to Swan’s inequality of partial Euler characteristic, as 
follows. 

Theorem 1.2 Assume that Coniecture \l.l \ is true. Then 

def(G) > -/z 2 (G) 


for any finite group G. 


The proof of Theorem 11.21 is based on the study of a stable version of the 
D( 2) problem (for details, see Section[3]). Recall that Wall’s D( 2) problem asks 
that for a finite 3-dimensional CW complex X of cohomological dimension < 2, 
is X homotopy equivalent to a 2-dimensional CW complex? A positive answer 
to this problem will imply a finite version of the Eilenberg-Ganea conjecture, 
which says that a group of cohomological dimension two has a 2-dinrensional 
classifying space. We obtain the following result, which shows that such a CW 
complex X with a finite fundamental group is homotopic to a 2-dinrensional 
CW complex after wedging several copies of the sphere S 2 . 

Theorem 1.3 Let G be a finite group. For a finite 3-dimensional CW complex 
X of cohomological dimension at most 2 with fundamental group 7Ti(X) = G, 
the wedge X V (S' 2 )™ of X and n copies of S 2 is homotopy to a 2-dimensional 
CW complex , where n depends only on G. 
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The integer n in the previous theorem can be determined completely (see 
Theorem 14.61) . 

On the other hand, for groups of low geometric dimensions, we have the 
following result, which confirms the equality of partial Euler characteristic and 
deficiency. 

Theorem 1.4 Let G be a group having a finite classifying space BG of dimen¬ 
sion at most 2. Then def(G) = 1 — /r 2 (G). 

Finally, we present an application (cf. Corollary 14.101) of the results to the 
Whitehead conjecture, which claims that any subcomplex of aspherical com¬ 
plexes is aspherical. 

The article is organized as follows. In Section 2, we discuss the Quillen 
plus construction of 2-dinrensional CW complexes. This motivates the stable 
Wall’s D{ 2) property being discussed in Section 3. In the last section, the Euler 
characteristics are studied for both finite groups and groups of low geometric 
dimension. 


2 Quillen’s plus construction of 2-dimensional 
CW complexes 

Let X be a CW complex with fundamental group G and P a perfect normal 
subgroup of G, i.e. P = [P, P]. Quillen shows that there exists a CW complex 
Xp, whose fundamental group is G/P; and an inclusion / : X —> Xp such that 

H n (X;f*M) ^H n (X+-M) 

for any integer n and local coefficient system M over Xp. Here Xp is called 
the plus-construction of X with respect to P and is unique up to homotopy 
equivalence. One of the main applications of the plus construction is to de¬ 
fine higher algebraic PT-theory. In general, the space Xp is obtained from X 
by attaching 2-cells and 3-cells. The following discussion shows that for cer¬ 
tain particular 2-dimensional CW complex X, the Quillen plus construction is 
homotopy equivalent to a 2-dimensional CW complex. We need to define the 
following. 

Definition 2.1 The cohomological dimension cd(X) of a CW complex X is 
defined as the smallest integer n (bo is allowed) such that H m (G,M) = 0 for 
any integer m > n and any local coefficient system M. 

Clearly, an n-dimensional CW complex is of cohomological dimension < n. 
We start with a lemma showing a property enjoyed by any 3-dimensional CW 
complex with cohomlogical dimension 2. 
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Lemma 2.2 Suppose that X is a 3-dimensional CW complex and X is the 
universal cover of X. Let (7*(X) be the cellular chain complex of X. Then X 
is of cohomological dimension 2 if and only if C 3 (X) is a direct summand of 
C 2 {X) as Zwi(X)-modules. 

This result is well-known and implicit in literature. We include a proof as 
we are unable to locate a suitable reference. 

Proof. If X is of cohomological dimension 2. Consider the Z 7 Ti(A)-module 
C 3 {X) as coefficients. The condition that H 3 (X,C 3 (X)) = 0 implies that the 
identity map C 3 {X) —> C 3 (X) factors throughout C 2 (X). As all these are free 
Zn-i (X)-modules, C 3 (X) is a direct summand of ( 72 (A). 

The converse is true as any homomorphism from C 3 (X) to a Z 7 Ti(X)-module 
factor through ( 72 (A), if C 3 (X) is a direct summand of ( 72 (A). ■ 

Theorem 2.3 Let X be a finite 2-dimensional CW complex. Suppose that a 
perfect normal subgroup P in 7Ti(X) is normally generated by n elements. Then 
the plus construction (A V (S' 2 )") -1- taken with respect to P of the wedge of X 
and n copies of S 2 , is homotopy equivalent to the 2-skeleton of A' + , which is a 
2-dimensional CW complex. 

Proof. It is not hard to see that the plus construction (A' V (S' 2 ) n ) + is the same 
as the wedge X + V (S' 2 )". Indeed, a simple calculation of the homology groups 
(for any local coefficient system) shows that X + V (S 2 )" satisfies the defining 
properties of (A V (S 2 )") + . 

Denote by Y the complex X + V (S 2 )". Consider the cellular chain complex 
C*(Y) of the universal cover Y. By the process of Quillen’s plus construction 
(cf. the proof of Theorem 1 in [IS])j we see that the number of attached 3-cells 
and the number of attached 2-cells are both n. Since A is 2-dimensional, so 
is A V (S 2 )". As the plus construction does not change homology groups (for 
any local coefficient system), Y is of cohomological dimension 2. This implies 
that C 3 (Y ) = Ztti(F)" is isomorphic to a direct summand of C 2 (X + ) from the 
previous lemma. 

Moreover, (7* (Y) is chain homotopy equivalent to the following chain com¬ 
plex 

0 C 2 (Y)/C 3 (Y) -+ C\(Y){= Ci(X + )) -»■ Zt n00(= Z^(X+)) z 0.(*) 

Notice that C 2 (Y) is isomorphic to C 2 (X + ) © Z 7 Ti(Y) n . Therefore, there is an 
isomorphism 

<7 2 (F)/<7 3 (f) =<7 2 (A+). 

This gives a chain homotopy from (*) to the chain complex of the universal cover 
of the 2-skeleton of X + . By the following lemma, we see that Y is homotopy 
equivalent to the 2-skeleton of X + . m 

Lemma 2.4 (Johnson [10], Mannan [15]) Let Y be a finite 3-dimensional 
CW complex of cohomological dimension 2. If the chain complex 

o c 2 (y)/c 3 (y) ->• C\(Y) -»• Z7n(y) -> z o 


4 


is homotopy equivalent to the chain complex of a 2-dimensional CW complex 
X, Y is homotopy equivalent to a 2-dimensional complex X. 

3 Wall’s D(2) problem and its stable version 

In this section, we apply the results obtained in the previous section to the D(2) 
problem. Let us recall the D( 2) problem raised in [T8] . 

Conjecture 3.1 (The D( 2) problem) If X is a finite 3-dimensional CW com¬ 
plex of cohomological dimension < 2, then X is homotopy equivalent to a 2- 
dimensional CW complex. 

In [10], Johnson proposes to systematically study the problem by categoriz¬ 
ing 3-dimensional CW complexes according to their fundamental groups. For 
a finitely presentable group G, we say the D(2) problem is true for G, if any 
finite 3-dinrensional CW complex X , of cohomological dimension < 2 with fun¬ 
damental group tti(X) = G, is homotopy equivalent to a 2-dimensional CW 
complex. 

The D{2) problem is very difficult in general; and it is known to be true for 
limited amount of groups m , E3D- We propose the following stable version by 
allowing taking wedge with copies of S 2 . 

Conjecture 3.2 (The D(2,n) problem) For a finitely presentable group G and 
n > 0, we say that the D(2,n) problem holds for G if the following is true. If 
X is a finite 3-dimensional CW complex of cohomological dimension < 2 with 
fundamental group tti(X) = G, then X V ( S 2 ) n is homotopy equivalent to a 
2-dimensional CW complex. 

It is immediate that D(2) implies D( 2, n) and D( 2, n) implies D(2, n+ 1) for 
any group G and any integer n > 0. The D( 2, 0) problem is the original D( 2) 
problem. 

We first consider CW complexes with finite fundamental groups. In order to 
relate the problem to the previous section, we record the following observation 
due to Mannan. 

Lemma 3.3 (Mannan [14]) A finite 3-dimensional CW complex X of coho¬ 
mological dimension 2 is a Quillen’s plus construction of some 2-dimensional 
complex Y. 

Let G be a finitely generated perfect group. It is conjectured that G could be 
normally generated by one element (cf. Coniecture ll.il) . Assuming Conjecture 
o holds, we have the following. 

Theorem 3.4 Let X be a finite 3-dimensional complex of cohomological di¬ 
mension 2 with 'Ki(X) finite. Suppose that Coniecture \l. 1\ holds. Then X V S 2 
is homotopy equivalent to a 2-complex, i.e. the D( 2,1) problem holds for any 
finite group. 
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Proof. By Lemma HOI . X is the plus construction of a finite 2-complex Z with 
respect to a perfect normal subgroup P < tti(Z). Therefore we have a short 
exact sequence of groups 

1 ->• P ->• 7 n(Z) ->• 7Ti(X) -s- 1. 

Since Tt\(Z)/P = tti(X) is finite and Z is finite, we claim that P is finitely 
generated. To see this, as 7Ti(X) is finite, the covering space of Z with funda¬ 
mental group P is again a finite CW complex. Hence P is finitely generated. 

If the normal generation conjecture holds, P is normally generated by a single 
element. Theorem 12.31 in the previous section says that X V S 2 is honrotopy 
equivalent to a 2-dinrensional CW complex. ■ 

We now study the relation between the stabilization by “wedging” copies of 
S 2 with that by “attaching” 3-cells. 

Proposition 3.5 Suppose that X is a finite 3-dimensional CW complex of co- 
homological dimension < 2. Then X V (S~) n is homotopy equivalent to a finite 
2-dimensional CW complex if and only if X is homotopy equivalent to a 3- 
dimensional CW complex with n 3-cells. 

Proof. Assume that X is homotopy equivalent to a 3-dimensional CW complex 
with n 3-cells. By Lemma 13.31 X is the plus construction of a 2-complex Y with 
respect to a perfect normal subgroup K of 7r 1 (y). We thus have a short exact 
sequence 

1 —*• K 7T1 (Y) m(X) H- 1. 

Moreover, K is normally generated by n-elements. Therefore X V ( S 2 ) n is 
homotopy equivalent to a 2-dimensional CW complex by Theorem 12.31 

Conversely, suppose that X V (S' 2 )" is homotopy equivalent to a finite 2- 
complex Y via / : X V (S 2 )" —> Y. It is clear that 

tti(X) = ni(X V (S 2 )") = -k\{Y). 

Let G = 7Ti(X) and X. Y be the universal covers of X, Y respectively. We 
proceed as follows. By the Hurewicz theorem, we have isomorphisms 

7r 2 (Y) “ 7t 2 (Y) £* H 2 {Y) “ n 2 {X) ®ZG". 

Therefore, there are n maps fi'.S 2 ^>-Y 1 \<i<n correspond to the following 
inclusion onto the second factor (for a fixed basis of ZG") 

ZG" -»■ H 2 {Y) “ tt 2 (X) © ZG". 

Using these /*, 1 < i < n as the attaching maps, we obtain a 3-dimensional CW 
complex Y U f u i<i< n e 2 . Let i : X A- X V (S 2 )" be the natural inclusion. By 
our construction, the canonical composition 

/' : X 4 X V (S 2 )" 4 Y ->■ Y U fiA <i< n e% 
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induces isomorphisms on both tt\ and 7 r 2 (the same as the second homol¬ 
ogy groups of the universal covers). It is not hard to see that H 3 (X) = 
H 3 {Y U /i,i<j<n eff) = 0 - Therefore, /' induces a homotopy equivalence between 
the chain complexes of the universal covering spaces. By the Whitehead theo¬ 
rem, f is a homotopy equivalence. ■ 

If we combine this proposition with Theorem 13.41 we obtain the following 
immediately. 

Corollary 3.6 Suppose that a group G satisfies D(2,n) for some n> 0. Then 
any finite 3-dimensional CW complex of cohomological dimension 2 with funda¬ 
mental group G is homotopy equivalent to a complex with at most n 3-cells. 

In particular, if Conjecture II.il holds, then any finite 3-dimensional CW 
complex of cohomological dimension 2 with finite fundamental group is homotopy 
equivalent to a complex with at most a single 3-cell. 

We remark that in fact, we shall see in the next section that each finite group 
G satisfies D{2,n) for some n, even if we do not assume the normal generation 
conjecture. 

Other examples of groups satisfying D(2,n) for some n include groups with 
both cohomological dimensional < 2 and cancellation property. 


4 Partial Euler characteristic of groups and ( G , n)- 
complexes 

Recall definitions of /i n (F) for an algebraic n-complex F* and /r„(G) from Intro¬ 
duction. For a finitely presentable group G, we start with the following lemma. 

It follows from Swan m easily, although it is not stated explicitly. 


Lemma 4.1 Assume that G is finitely presentable. The invariant /x 2 (G?) can 
be realized by an algebraic 2-complex. In other words, there exists an algebraic 
2-complex 

F 2 — F\ — Fq —} Tj —¥ 0 


such that 


p 2 {G) = dim z G F 2 + dim ZG F 0 - dim ZG . 


Proof. Let M = Q in Theorem 1.2 of [T7]- As G is finitely presentable, all the 
Betti numbers are finite for n < 2. Therefore Theorem 1.2 of m asserts i« 2 (G) 
is finite and hence realizable by an algebraic 2-complex. ■ 


Lemma 4.2 (Johnson [10) Theorem 60.2) Every algebraic 2-complex is ge¬ 
ometric realizable by a 3-dimensional CW complex. In other words, for every 
algebraic 2-complex 

(F*) : F 2 —)• Fi ->• F 0 ->• Z —)• 0 
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over a finitely presentable group G, there is a finite 3-dimensional CW complex 
of cohomological dimension 2 such that the reduced chain complex 

C 2 (Y)/C 3 (Y) ->■ Cx{Y) -)• Zn 1 (Y) Z -> 0 

is homotopy equivalent to (Ffi). 

Proposition 4.3 If a finitely presentable group G satisfies the D(2, n ) problem, 
then def(G) > (1 — n) — p 2 (G). 

Theorem IQ follows immediately from this proposition in view of Theorem 

m 

Proof. By Lemma T4. II we can choose an algebraic 2-complex 

F 2 —y F\ —^ Fq —y 7L —y 0 


such that 

p 2 (G) = dim ZG F 2 + dim ZG F 0 - dim ZG F 1 . 

By Lemma m there is a finite 3-dimensional CW complex of cohomological 
dimension 2 such that the reduced chain complex 

0 -*• G 3 (F) h- C 2 (Y) -> Gi(F) ->■ Z7 Ti(T) ->Z->0 

is homotopy equivalent to (F*). Assuming that G satisfies the D(2, n) problem, 
the wedge X V ( S 2 ) n is homotopy equivalent to a 2-dinrensional CW complex, 
which gives a presentation of G. This implies that ito(G) + n > 1 — def(G), i.e. 
def(G) > (1-n) -/x 2 (G). ■ 

It is possible to place p 2 (G) in a broader setting following [5]- 

Definition 4.4 We define a ( G,n)-complex as a finite n-dimensional CW com¬ 
plex with fundamental group G and vanishing higher homotopy groups up to 
dimension n — 1. 

In particular, a (G, 2)-complex is a usual finite 2-dinrensional CW complex. 

Definition 4.5 Let G be a finitely presentable group. Define 

p 9 n {G) = min{(—l)™x(X) | X is a (G,n)~complex}. 

If there is no such X exists, define p 9 n (G) = +oo. We call a ( G,n)-complex X 
with (-l) n x(X) = /4(G) realize p 9 n (G). 

A few observations are immediate. It is clearly true that p n {G) < pfiG). 
Therefore, (G) > —oo since p n {G) > —oo (cf. Swan jT7]). Moreover, p 2 (G) = 
p 2 {G) if and only if p 2 {G) = 1 — def(G). We can use this language to discuss 
the D(2,n) problem for finite groups without assuming the normal generation 
conjecture. 


8 


Theorem 4.6 If G is a finite group, then the D( 2, n) problem holds for G when 
n = 2 — def(G) — /Lt 2 (G). 

Proof. The key point here is that algebraic m-complexes of ZG are classified 
according to the partial Euler characteristics, when G is finite. More precisely, 
for any two algebraic ?n-complexes F and F' with n m (F) = pL m {F') ^ /z m (G), 
we have that F and F' are chain homotopic. For a proof, see 0, for example. 

Apply this result to the case m = 2. As G is finitely presentable, we fix a 
(G, 2)-complex X with the Euler characteristic 1 — def(G), where def(G) is the 
deficiency of G. We claim that G satisfies D( 2, n) for n = (1—def(G))—/z 2 (G)+l. 

To see this, any algebraic 2-complex F such that ti 2 (F) > 1 — def(G) is 
homotopy equivalent to the chain complex of the universal covering space of 
the wedge product X V (5 ,2 ) Al2 ( F ^ +de ^ G ^~ 1 , since both complexes have the same 
Euler characteristics (cf. 0). For any finite 3-complex X' of cohomological 
dimension 2, the chain complex of the universal covering space of the wedge 
X' V (S' 2 )™, denoted by Y, is homotopic to the algebraic 2-complex 

F : C 2 {Y)/C 3 (Y) ->■ Gi(f) -> ZG -> Z -> 0. 


Clearly, 

fJ- 2 (F) = X( x> ) + n - 1 > 1 - def(G). 

By Lemma fOl and Lemma FOl the complex X' V (S 2 )™ is homotopy equivalent 
to a 2-dimensional CW complex. The proof is finished. ■ 

Theorem 11.31 is an easy corollary of the previous theorem. 

In view of the results of the previous section, for each finite group G, there 
is an integer n, which depends only on G, such that each 3-complex with fun¬ 
damental group G and cohomological dimension < 2 is homotopy equivalent to 
a 3-complex with at most n 3-cells ('Corollary 13.61) . 

The argument of the proof of Theorem 14.61 does not work for an infinite 
finitely presentable group. For example, for the trefoil knot group, Euler char¬ 
acteristic is not enough to classify the chain homotopy classes of algebraic 2- 
complexes (see [5]). 

The D(2,n) problem stems from the D( 2) problem. On the other hand, the 
question on the equality fi 2 {G) = 1 — def(G) is a second “face” of the D{ 2) 
problem. We can say something on this question when G is torsion free of low 
geometric dimension. 

Recall that for a group G, the classifying space BG' of G is defined as the 
connected CW complex with 7 Ti(BG) = G and 7iy(BG) = 0,* > 2. It is unique 
up to homotopy. Theorem 1 1.41 is a special case of (i) in the following theorem. 

Theorem 4.7 Let G be a group having a finite it,- dimensional classifying space 
BG. We have the following. 

(i) n n (G) = fj, 9 n (G)\ In particular, /k 2 (G) = 1 — def(G) if G has a finite 2- 
dimensional BG 
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(ii) Any finite CW complex X with the following property: 

a) the dimension is at most n + 1; 

b) the cohomological dimension cd(Af) is at most n ; 

c ) if n > 3, the homotopy group Tti(X) = 0 for 2 < i < n — 1; 

d) (—i r X (x)= pug), 

is homotopy equivalent to BG. 

Proof. Let EG be the universal cover of BG. Since EG is contractible, one 
obtains the exact cellular chain complex of EG: 

G* (EG) : 0 G n (EG) -> G n _i(EG)... -»• ZG ->• 0. 

This gives a (truncated) free resolution of G. In order to prove (i), it suffices to 
show that this resolution gives the minimal Euler characteristic /i„(G) (as we 
notice earlier that /r„(G) < /r® (G)). 

Suppose that /r„(G) is obtained from the following partial resolution of 
finitely generated free ZG-mdoules: 

F* : F n 4 F„_i Fi —»• ZG — >• 0. 

We claim that F* is exact at d : F n —)• F n _i. Once this is proved G*(EG) and F* 
are chain homotopic to each other; and hence have the same Euler characteristic. 

To prove the claim, let J be the kernel of d. By Schanuel’s lemma, there is 
an isomorphism 


J © C„(EG) © F n _!... = F n © G ra _i(EG).... 

Applying the functor — ^ to both sides of this isomorphisms, we see that 

hn(F) = (— l)"x(BG) and J©zg^ = 0 by noticng the fact that the complex F* 
attains minimal Euler characteristic multiplying (—l) n among all the algebraic 
n-complexes. This implies that G ra (EG)©F„_i... and F n ©G ra _i(EG)... have 
the same finite free ZG-rank. By Kaplansky’s theorem, J is the trivial ZG- 
module(cf. ITTj . p. 328). This proves (i). 

We now prove (ii). Let G*(X) be the chain complex of the universal covering 
space of X. Since cd(X) < n , G n+ i(X) is direct summand of C n (X), by the 
same argument as Lemma 12.21 Let F be the chain complex 

F* : C n {X)/C n+1 {X) 4 G„_r(X) ->■- > C\(X) —>■ ZG —)■ 0. 

It is not hard to see that ir n (X) = ker d. Note that 

/ i «(F) = (-l)"xW = M„(G). 

By the same argument as the first part of the proof, we get that kerd = 0. This 
implies that X is n-connected. Since H n+ i(X) = 0, X is contractible and X is 
homotopy equivalent to BG. ■ 


10 


Remark 4.8 Under the condition of Theorem Harlander and Jensen m 
already prove that a ( G,n)-complex realizing /x®(G) is homotopy equivalent to 
BG. Note that a ( G,n)-complex is a special case of X in Theorem 

Since the coliomological dimension of a finite group G is always infinity, the 
finite group G cannot have a finite dimensional BG. The previous theorem is 
thus a discussion on torsion free “low dimension” groups. The trefoil knot group 
is an example in the case n = 2. 

We conclude with an application to another situation in low dimensional 
homotopy theory. Suppose that G is a finitely presentable group and 


P = (x\, ■ ■ ■ ,x n | n, • • • ,r m ) 


is a presentation of G. Call 

P' = <2/1, - - ' ,Vn' | Si, - - - ,S m ’) 
a sub-presentation of P if 


{yi, ■■■ ,Vn'} C (a?!, — ,x n } 


and 

{si j * * * 5 Sm' } — {l*l, ) 

Denote by Gp’ the group given by the presentation P'. 

From each finite 2-conrplex, one obtains a finite presentation of tti(X). 
Namely, the 1-cells correspond one-one to a set of generators; while the 2-cells 
correspond one-one to a set of relators. 

Lemma 4.9 Suppose that 

P' = <2/1, ,Vn’ | Si, - - - ,S m ') 


is a sub-presentation of 


P = (xi, ■ ■ ■ ,x n | n, • • • ,r m ) 

of G as above. If P" is another finite presentation ofGp’, then one can obtain 
a presentation of G from P by adding n — n! generators and m — m' relations. 
In particular, if P realizes /^(G), then P’ realizes Gp/). 

Proof. Re-indexing and re-naming if necessary, we assume that 

2/1 = xi, ■ ■ ■ , 1 in' = x n >,n' < n 


and 


si = ri, • • • ,s m ' = r m >,rn' < m. 


It is clear that the words corresponding to si, • • • 
If 


P" = (y[ 


l) 


5 i> 


s m ' do not involve a; n /+i, • • 

■.o 


7 • 
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is another presentation of Gpq we form a group G" with the presentation 
(Vl: , Vu, Xn' +15 ; X n I ^ 1 ) : 

by adding n — n! free generators to P". For each 1 < i < m 1 , the letter x,, 
viewed as an element in Gpq has a lifting Wi in the free group (y[, ■ ■ ■ ,y' u ). For 
each 1 < i < n, define the word oq of {y[, • • • , y' u , x„'+i, • • • , x n } as 

f Wi, 1 < * < to '; 

[ Xi,m < i < m. 


Denote by </> the bijection 


4>: {xi, • • • ,x„} ->• {wi, • • • ,uj n } 

given by Xi i-> u;. For each m! < i < m, write r, = IIjb ;1 Xy as a reduced word 
of {xi, • • • , x n }. Let r\ = 1 fy= x 0) be the corresponding word of 

{Vl, , Vu > ®n'+1) ) X n }. 

Let K be the normal subgroup of G" normally generated by the to' — to elements 
r m'+i: ‘ ‘' ) r'm- We obtain a short exact sequence of groups 

1 -»• K -»■ G" -► G -► 1, 

where the third arrow is induced by the map Gp> —>- G from the natural inclu¬ 
sions of generators and relators. From this exact sequence, obtains a desired 
presentation 


(y[ 


i) 


! Vu, Xn' + l, ‘ ‘ ' ,X r , 


5 1> 




of G. 

Assume that P realizes /if (G). while P' does not realize /if(Gp/). We apply 
the above construction to a presentation P" of G'p/ realizing /if(G'). In doing 
so, we obtain of presentation of G with Euler characteristic strictly smaller than 
that of P. This gives a contradiction. ■ 

Recall that the famous Whitehead conjecture says that any subcomplex of X' 
of an aspherical complex X is aspherical as well (for more details, see the survey 
article 0)- As an application of results proved above, we gives an equivalent 
condition of asphericity of X ', as follows. 

Corollary 4.10 Suppose that X is a finite aspherical 2-complex and X' is a 
subcomplex of X'. We have the following. 

(i) The complex X’ realizes 

(ii) The complex X' is aspherical if and only if the fundamental group iri(X') 
is of geometric dimension at most 2. 
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Proof. As X is aspherical, it realizes fi^i^iiX)) by Theorem 14.71 Notice 
that X' gives a subpresentation of iri(X’) of the presentation of 7Ti(X), which 
corresponds to X. Lemma FOil implies that X' realizes /j, 2 (tvi(X')). This proves 
part (i). 

If X' is aspherical, it is Btti(X') and hence ni(X') is of geometric dimen¬ 
sion at most 2. Conversely, assume that tti(X') is of geometric dimension at 
most 2. By Theorem l4.7l all the (tti(X'), 2)-complexes realizing fi^nitX')) are 
homtopic to Btti(X'). Therefore X' is aspherical by part (i). ■ 

We remark that in a recent article [7] , Gersten obtains a result stronger than 
Corollary 14.101 (ii) using the method of I^-theory. Namely, he is able to replace 
the condition “geometric dimension 2” by “cohomological dimension 2”. These 
two condition are equivalent to each other if the Eilenberg-Ganea conjecture (f2) 
VIII. 7) is true. 
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